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Summary. Multirate Partial Differential Equations have
been successfully applied in radio-frequency applications.
This digest extends the concept to linear low-frequency cir-
cuits excited by pulsed signals. The Multirate Partial Differ-
ential Equation is solved using a Galerkin ansatz and time
integration. Two types of basis functions for the solution ex-
pansion are presented. The recently introduced PWM basis
functions are firstly interpreted in the multirate context.
1 Introduction
Multirate Partial Differential Equations (MPDEs) have
been successfully applied in radio-frequency applica-
tions. By using Kirchhoff’s law and the device con-
stitutive equations, electrical circuits are described
by differential-algebraic equations (DAEs) [1]. Stan-
dard time discretization fastly reaches its limits when
widely separated time-scales are present as very small
time-steps are necessary. Reformulating the DAE into
a MPDE has shown performance increase. This di-
gest applies MPDEs on low-frequency circuits. The
MPDE is solved in context of envelope modulated
signals as introduced by [3]. A Galerkin ansatz and
time discretization is used for solving the MPDE. The
expansion of the solution uses Finite Element (FE)
nodal functions and the recently introduced pulse width
modulation (PWM) basis functions [2], which are in-
terpreted in the MPDE context. An idealized buck
converter is used for exemplary illustration, which is
excited by a periodic pulsed signal, see Fig. 1.
2 Multirate Formulation
In this section the concept of MPDEs is presented (see
[1], [3] for more details). Let the DAE describing a
linear electrical circuit be given as
A
d
dt
x(t)+Bx(t)+ is(t) = 0, (1)
where x(t) is the vector of Ns unknowns (branch cur-
rents and node voltages), A and B are matrices con-
taining topology information and constitutive laws
and is(t) is the vector of input sources.
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Fig. 1: Solution of the idealized buck converter. The
switching cycle of the pulsed excitation is Ts = 2 ms.
Assuming that m different time-scales are present,
the multivariate forms of x(t) and is(t) can be writ-
ten as xˆ(t1, . . . , tm) and iˆs(t1, . . . , tm). The MPDE cor-
responding to (1) is
A
∂
∂ t1
xˆ+ · · ·+A ∂
∂ tm
xˆ+Bxˆ+ iˆs = 0. (2)
The solution of the MPDE is related to the solu-
tion of (1) by x(t) = xˆ(t+ c1, . . . , t+ cm) and is(t) =
iˆs(t + c1, . . . , t + cm), where c1, . . . ,cm are constants.
Uniqueness and existence of a solution for quasi-
periodic signals on a Fourier basis were proven in [3].
We assume in the following that the signals in the
circuit can be presented by only m= 2 time-scales. A
fast varying t2, which covers all periodically chang-
ing parts of the signals and a slowly varying t1, which
captures the envelope.
3 Variational Approach
A combination of a variational approach and time in-
tegration are used to discretize the MPDE. We first ap-
ply a Galerkin ansatz to discretize the fast time-scale
t2 of the signal and then use time integration for the
solution of the slow time-scale t1. The multirate solu-
tion xˆ(t1, t2) is expanded as follows
xˆ j(t1, t2) =
Np
∑
k=0
pk(τ)w j,k(t1) with τ =
t2
Ts
mod 1,
(3)
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(a) Np = 5 nodal BFs.
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(b) PWM BFs with duty cycle D= 0.7.
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(c) Convergence w.r.t. BFs.
Fig. 2: Nodal and PWM basis functions (BF) and convergence.
where xˆ j(t1, t2) is the j-th component of xˆ(t1, t2), pk(τ)
are basis functions (BFs) and w j,k(t1) are coefficients.
Applying a Galerkin ansatz to the MPDE with respect
to t2 yields
t+Ts/2∫
t−Ts/2
(
A
∂
∂ t1
xˆ(t1, t2)+A
∂
∂ t2
xˆ(t1, t2)+Bxˆ(t1, t2) (4)
+is(t1, t2)
)
pk(τ) d t2 = 0 ∀k ∈ [0, . . . ,Np]. (5)
Using the expansion (3), integrating by parts and re-
organizing leads to a system of DAEs, now only de-
pendent on the slow time-scale t1
A˜
d
dt1
w(t1)+ B˜w(t1)+ i˜s(t1) = 0, (6)
where w(t1) = [w1,1, . . . ,w1,Np , . . . ,wNs,1, . . . ,wNs,Np ]>
is the vector of unknown coefficients, A˜ and B˜ are ma-
trices and i˜s(t1) is the excitation term. Due to separa-
tion of scale, the DAE (6) can be solved with larger
time steps compared to the original DAE (1). De-
spite the larger equation system a major speedup is
observed on the buck converter example.
4 Numerics
Two types of basis functions (BFs) are used for the
expansion (3). Nodal BFs which are a simple but uni-
versal choice and the more sophisticated PWM BFs,
which were introduced in [2] and are specifically de-
signed for use with pulsed excitations. They are de-
picted in Fig. 2a and Fig. 2b, respectively.
The PWM BFs are piecewise polynomial [2]. The
zero-th BF is chosen as p0(τ) = 1, which enables the
coefficients w j,0 to capture envelopes of the signals.
The basis is built up recursively starting from a piece-
wise linear function
p1(τ) =
{√
3 2τ−DD if 0≤ τ ≤ D√
3 1+D−2τ1−D if D≤ τ ≤ 1
(7)
The higher order BFs pk(τ), 2≤ k≤Np are calculated
by integrating pk−1(τ),
p?k(τ) =
∫ τ
0
pk−1(τ ′)dτ ′ , (8)
which ensures C0 continuity. The extended set is then
orthonormalized by means of k+1 factors nk and ok,l :
pk(τ) = nk p?k(τ)+
k−1
∑
l=0
ok,l pl(τ) . (9)
The convergence of both types of BFs for the buck
converter given in [2] is shown in Fig. 2c. As can
be seen, the PWM BFs lead to much better conver-
gence with respect to the number of BFs but may be-
come problematic for nonlinear problems or warped
MPDEs.
5 Conclusion and Outlook
The MPDE approach was applied to an example in
low-frequency engineering. The MPDE was solved
with a Galerkin ansatz and time integration. Nodal
and PWM basis functions were presented. The PWM
BFs showed a better accuracy per degree of freedom.
Future research will investigate warping and nonlin-
ear problems.
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